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ERGODIC ACTIONS OF UNIVERSAL QUANTUM
GROUPS ON OPERATOR ALGEBRAS
SHUZHOU WANG
Abstract. We construct ergodic actions of compact quantum
groups on C∗-algebras and von Neumann algebras, and exhibit
phenomena of such actions that are of different nature from er-
godic actions of compact groups.
In particular, we construct: (1). an ergodic action of the com-
pact quantum Au(Q) on the type IIIλ Powers factor Rλ for an
appropriate positive Q ∈ GL(2,R); (2). an ergodic action of the
compact quantum group Au(n) on the hyperfinite II1 factor R;
(3). an ergodic action of the compact quantum group Au(Q) on
the Cuntz algebra On for each positive matrix Q ∈ GL(n,C); (4).
ergodic actions of compact quantum groups on the their homoge-
neous spaces, as well as an example of a non-homogeneous classical
space that admits an ergodic action of a compact quantum group.
1. Introduction
It is well known that compact groups admit no ergodic actions on op-
erator algebras other than the finite ones (i.e. those with finite traces)
[15]. Therefore, there arosed the following basic problem (cf p76 of
[15]): Construct an ergodic action of a semisimple compact Lie group
on the Murray-von Neumann II1 factor R. Later, Wassermann de-
veloped some general theory of ergodic actions of compact groups on
operator algebras and showed that SU(2) cannot act ergodically on
R [33, 34], leaving experts the doubt that semisimple compact Lie
groups admit ergodic actions on R at all. In [5], Boca studied the
general theory of ergodic action of compact quantum groups [37] on
C∗-algebras and generalized some basic results on ergodic actions of
compact groups to compact quantum groups. But so far there is still
a lack of non-trivial examples of ergodic actions of compact quantum
groups on operator algebras.
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The purpose of the present paper is two-fold, which is in some sense
opposite to that of Boca [5]. First, we show that some new phenomena
can occur for ergodic actions of quantum groups. Second, we supply
some general methods to construct ergodic actions of compact quan-
tum groups on operator algebras and give several non-trivial examples
of such actions. We show that the universal compact matrix quan-
tum groups Au(Q) of [27, 28] admit ergodic actions on both the (in-
finite) injective factors of type III (for Q 6= cIn, c ∈ C
∗) and the
(infinite) Cuntz algebras (for Q > 0). We construct an ergodic action
of the universal compact matrix quantum group of Kac type Au(n) on
the hyperfinite factor R, which may not admit ergodic actions of any
semisimple compact Lie group [34]. We also study ergodic actions of
compact quantum groups on their homogeneous spaces and show that
there are non-homogeneous classical spaces that admit ergodic actions
of quantum groups. These results show that compact quantum groups
have a much richer theory of ergodic actions on operator algebras than
compact (Lie) groups.
Unlike Boca [5], we study actions of compact quantum groups on
both C∗-algebras and von Neumann algebras, not just C∗-algebras.
Our construction of ergodic actions of compact quantum groups on
von Neumann algebras come from their “measure preserving” actions
on C∗-algebras, just as in the classical situation (see Theorem 2.5).
One of our constructions of ergodic actions (see Sect. 3) uses tensor
products of irreducible representations of compact quantum groups.
This method was first used by Wassermann [35] in the setting of Lie
groups (instead of quantum groups) to construct subfactors from their
“product type actions”. At the other extreme, actions of quantum
groups with large fixed point algebras (i.e. prime actions) have been
studied by many authors, see, e.g. [9, 7]. Generalizing the canonical
action of compact Lie groups on the Cuntz algebras [8] introduced by
Doplicher-Roberts [12, 10], Konishi et al [19] study (the non-ergodic)
action of SUq(2) on the Cuntz algebra O2 and its CAR subalgebra
and show that their fixed point algebras coincide (see also [20]). This
result is extended to SUq(n) by Paolucci [22]. In [21], this action of
the quantum group SUq(n) is induced to a (non-ergodic) action on the
Powers factor Rλ by a rather complicated method, which follows from
our result Theorem 2.5 in a much simpler and more conceptual manner.
The contents of this paper are as follows. In §2, we give a general
method of construction of quantum group actions on von Neumann
algebras from their “measure preserving” action on C∗-algebras. Using
this and a result of Banica [3] on the tensor products of the fundamental
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representation of Au(Q), we construct in §3 an ergodic action of a
universal quantum groups Au(Q) on the Powers factor Rλ of type IIIλ
and and an ergodic action of Au(n) on the hyperfinite II1 factor R. In
§4, using results of Banica [2], we show that the fixed point subalgebra
of R under the quantum subgroup Ao(n) of Au(n) is also a factor and
that the action of Ao(n) on R is prime. In §5, we construct ergodic
action of Au(Q) on the Cuntz algebras and on the injective factor R∞
of type III1 as well as the other factors of type III. It is also shown
that the (unimodular) compact quantum group Au(n) of Kac type acts
ergodically on the injective factor of type III 1
n
, a fact rather surprising
to us. In the last section §6, we study ergodic actions of compact
quantum groups on their “quotient spaces”, and show that the quantum
automorphism groupAaut(X4) acts ergodically on the classical spaceX4
with 4 points, but X4 is not isomorphic to a quotient space. We point
out that instead of using the fundamental representation of Au(Q),
we can also use representations of free products of compact quantum
groups [28] in the examples in §3 and §5 for the constructions of ergodic
actions.
2. Lifting actions on C∗-algebras to von Neumann
algebras
In this section, we describe (Theorem 2.5) how to construct ergodic
actions of compact quantum groups on von Neumann algebras from
“measure preserving” actions on noncommutative topological spaces
(i.e. C∗-algebras).
To fix notation, we first recall some basic notions concerning actions
of quantum groups on operator algebras ([1, 5, 23, 32]). For convenience
in this paper, we will use the definition given in [32] for the notion
of actions of compact quantum groups on C∗-algebras. As in [32],
Woronowicz Hopf C∗-algebras are assumed to be full in order to define
morphisms. We adapt the following convention (see [28, 27, 32]): when
A = C(G) is a Woronowicz Hopf C∗-algebra, we also say that A is a
compact quantum group, referring to the dual object G.
Definition 2.1. (cf [32]) A (left) action of a compact quantum group
A on a C∗-algebra B is a unital *-homomorphism α from B to B ⊗A
such that
(1). (idB ⊗ Φ)α = (α⊗ idA)α, where Φ is the coproduct on A;
(2). (idB ⊗ ǫ)α = idB, where ǫ is the counit on A;
(3). There is a dense *-subalgebra B of B, such that
α(B) ⊆ B ⊗A,
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where A is the canonical dense *-subalgebra of A.
Remarks. (1). The definition above is equivalent to the one in Podles
[23]. As in [23], we do not impose the condition that α is injective,
which is required in [1, 5], though the examples constructed in this
paper satisfy this condition. We conjecture that this condition is a
consequence of the other conditions in the definition. A special case
of this conjecture says that the coproduct of a Woronowicz Hopf C∗-
algebra is injective, which is true for both the full Woronowicz Hopf
C∗-algebras (because of the counital property) and the reduced ones
(because of Baaj-Skandalis [1]). Even if this conjecture is false, one can
still obtain an injective α˜ from α by passing to the quotient of B by
the kernel of α. We leave the verification of the latter as an exercise
for the reader.
(2). The above notion of left action of quantum group G would
be called right coaction of the Woronowicz Hopf C∗-algebra C(G) by
some other authors. But we prefer the more geometric term “action of
quantum group”. We can similarly define a right action of a quantum
group G, which would be called a left coaction of the Woronowicz Hopf
C∗-algebra C(G) by some other specialists.
Definition 2.2. Let α be an action of a compact quantum group A
on B. An element b of B is said to be fixed under α (or invariant
under α) if
α(b) = b⊗ 1A. (2.1)
The fixed point algebra Bα (or BA if no confusion arises) of the
action α is
Bα = {b ∈ B | α(b) = b⊗ 1A}. (2.2)
The action of A is said to be ergodic if Bα = CI. A continuous
functional φ on B is said to be invariant under α if
(φ⊗ idA)α(b) = φ(b)1A. (2.3)
Fix an action α of a compact quantum group A on B. Let h be the
Haar state on A [37, 28, 26]. Then we have
Proposition 2.3. (1). The map E = (1⊗h)α is a projection of norm
one from B onto Bα;
(2). Let
Bα = {b ∈ B | α(b) = b⊗ 1A}. (2.4)
Then Bα is norm dense in Bα. Hence the action α is ergodic if and
only if it is so when restricted to the dense *-subalgebra B of B.
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Proof. (1). This is an easy consequence of the following form of the
invariance of the Haar state (cf [37]):
(idA ⊗ h)Φ(a) = h(a)1A, a ∈ A.
(2). If b ∈ Bα, then b can be approximated in norm by a sequence
of elements bl ∈ B. Let b¯l be the average of bl:
b¯l = (1B ⊗ h)α(bl).
Then from part (1) of the proposition, b¯l ∈ B
α. From condition (3) of
Definition 2.1, we see that b¯l ∈ B
α. Moreover,
‖b¯l − b‖ = ‖(1⊗ h)α(bl − b)‖
≤ ‖(1⊗ h)α‖‖bl − b‖ → 0.
The rest is clear. Q.E.D.
Preserve the notation above. Let A be the von Neumann algebra gen-
erated by the GNS representation πh of A for the state h. Then A
is a Hopf von Neumann algebra. For later use, we need to adapt the
definitions above to the situation of von Neumann algebras.
Definition 2.4. A right coaction of a Hopf von Neumann algebra A
on a von Neumann algebra B is a normal homomorphism α from B
to B⊗ A such that
(1). (idB⊗ Φ)α = (α⊗ idA)α, where Φ is the coproduct on A;
(2). α(B)(1⊗ A) generates the von Neumann algebra B⊗ A.
The main reason why we use the term “coaction of Hopf von Neu-
mann algebra” is that von Neumann algebras are measure-theoretic
objects instead of geometric-topological objects (cf. Remark (2) after
Definition 2.1). Condition (2) in the above definition is an analog of
the density condition as used in the Hopf C∗-algebra setting [1, 23].
It is well known that there is no analogue of counit in the Hopf von
Neumann algebra situation simply because a von Neumann algebra
corresponds to a measure space in the commutative case (the simplest
case), and functions are defined only up to sets of measure zero. Hence
we do not have an analog of condition (2) of Definition 2.1 for Hopf
von Neumann algebras coactions.
If A comes from the GNS-representation of the Haar state on a com-
pact quantum group A and A coacts on the right on some von Neumann
algebra B, we will abuse the terminology by saying that the quantum
group A acts on B. Other notions such as invariant elements (or func-
tionals), fixed point algebra and ergodic actions in the C∗-case above
can also be carried over to to the von Neumann algebra situation.
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The main result of this section is the following
Theorem 2.5. Let B be a C∗-algebra endowed with an action α of a
compact quantum group A. Let τ be an α-invariant state on B. Then
(1). α lifts to a coaction α˜ of the Hopf von Neumann algebra A =
πh(A)
′′ on the von Neumann algebra B = πτ (B)
′′ defined by
α˜(πτ (b)) = (πτ ⊗ πh)α(b), b ∈ B, (2.5)
where πh and πτ are respectively the GNS representations associated
with the Haar state h on A and the state τ on B.
(2). If α is ergodic, then so is α˜.
Proof. (1). We will only show that the natural map α˜ given on the
dense subalgebra πτ (B) by
α˜(πτ (b)) = (πτ ⊗ πh)α(b), b ∈ B,
is well defined and extends to a normal morphism from B to B⊗ A.
Let b ∈ B and a ∈ A. Denote by b˜ and a˜ respectively the correspond-
ing elements of the Hilbert spaces H = L2(B, τ) and K = L2(A, h).
Define an operator U on H ⊗K by
U(b˜⊗ a˜) = (πτ ⊗ πh)α(b)(1˜B ⊗ a˜). (2.6)
Then since τ is α invariant, we have
< U(b˜ ⊗ a˜), U(b˜⊗ a˜) > = (τ ⊗ h)(1B ⊗ a
∗)α(b∗b)(1B ⊗ a)
= aha∗((τ ⊗ idA)α(b
∗b)) = aha∗(τ(b∗b)1A)
= < b˜⊗ a˜, b˜⊗ a˜ >,
where aha∗ is the functional on A defined by
aha∗(x) = h(a∗xa), x ∈ A.
Hence U is an isometry. Since α(B)(1⊗ A) is dense in B ⊗ A, U is a
unitary operator. We also have
(πτ ⊗ πh)α(b)U(b˜′ ⊗ a˜′) = (πτ ⊗ πh)α(b)(πτ ⊗ πh)α(b
′)(1˜B ⊗ a˜′)
= (πτ ⊗ πh)α(bb
′)(1˜B ⊗ a˜′) = U(πτ (b)b˜′ ⊗ a˜′)
= U(πτ (b)⊗ 1)(b˜′ ⊗ a˜′).
That is
(πτ ⊗ πh)α(b) = U(πτ (b)⊗ 1)U
∗. (2.7)
Condition (1) of Definition 2.4 follows immediately. Since α(B)(1⊗A)
is dense in B⊗A (cf. Remark (1) after Definition 2.1 and Podles [23]),
Condition (2) of Definition 2.4 follows.
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(2). Assume α is ergodic. Let z ∈ B be a fixed element under α˜:
α˜(z) = z ⊗ 1A.
Let bn ∈ B be a net of elements such that πτ (bn) → z in the weak
operator topology. Consider the average of πτ (bn) integrated over the
quantum group A,
zn = (idB⊗ h)α˜(πτ (bn)),
where we use the same letter h to denote the faithful normal state on A
determined by the Haar state h on A. Then one can verify that zn → z
in the weak operator topology. Moreover, using
(idA⊗ h)Φ(a) = h(a)1A, a ∈ A,
where we denote the coproduct on A by the same symbol as the co-
product Φ on A, we have
α˜(zn) = (idB⊗ idA⊗ h)(α˜⊗ idA)α˜(πτ (bn))
= (idB⊗ idA⊗ h)(idB⊗ Φ)α˜(πτ (bn))
= (idB⊗ (idA⊗ h)Φ)α˜(πτ (bn))
= (idB⊗ h)α˜(πτ (bn))⊗ 1A = zn ⊗ 1A.
That is, each zn is fixed under α˜. From part (1) of the theorem, we see
zn = (πτ ⊗ h)α(bn) = πτ (b¯n),
where
b¯n = (1⊗ h)α(bn) ∈ B
α
is the average of of bn. Since α is ergodic, b¯n is a scalar. This implies
that each zn is also a scalar. Consequently, the operator z, as a limit
of the zn’s in the weak operator topology, is a scalar. Q.E.D.
Remarks. Define on the Hilbert A-module H ⊗ A (conjugate linear in
the second variable) an operator u by
u(b˜⊗ a) = (πτ ⊗ 1)α(b)(1˜B ⊗ a). (2.8)
Then one verifies that u is a unitary representation of the quantum
group A (cf [37, 1, 28]) and (πτ , u) satisfies the following covariance
condition in the sense of 0.3 of [1]:
(πτ ⊗ 1)α(b) = u(πτ (b)⊗ 1)u
∗. (2.9)
The operator U defined above is given by
U = (1⊗ πh)u.
The pair (πτ , U) along with the relation (2.7) can be called a covariant
system in the framework of Hopf von Neumann algebras. Note that
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part (1) of the above theorem also gives a conceptual proof of Propo-
sition 4.2.(i) of [21], where a rather complicated (and nonconceptual)
proof is given.
Notation. Let v be a unitary representation of a quantum group A on
some finite dimensional Hilbert space Hv [37, 1, 28]. Define
Adv(b) = v(b⊗ 1)v
∗, b ∈ B(Hv). (2.10)
Then using Proposition 3.2 of [37], we see that Adv is an action of
A on B(Hv) (see also the remark after the proof of Theorem 4.1 in
[32]). It will be called the adjoint action of the quantum group A for
the representation v. Note that unlike in the case of locally compact
groups, for quantum groups we have in general
Adv⊗inw 6= Adv ⊗in Adw, (2.11)
where ⊗in denotes the interior tensor product representations [37, 29].
For other basic notions on compact quantum groups, we refer the
reader to [37, 28, 29].
3. Ergodic actions of Au(Q) on the Powers factor Rλ
and the Murray-von Neumann factor R
We construct in this section an ergodic action of the universal quan-
tum group Au(Q) on the type IIIλ Powers factor Rλ for a proper choice
of Q and an ergodic action of Au(n) on the type II1 Murray-von Neu-
mann factor R. These are obtained as consequences of Theorem 3.6
below.
Recall [28, 27, 30] that for every non-singular n× n complex matrix
Q (n > 1 in the rest of this paper), the universal compact quantum
group (Au(Q), u) is generated by uij (i, j = 1, · · · , n) with defining
relations (with u = (uij)):
Au(Q) : u
∗u = In = uu
∗, utQu¯Q−1 = In = Qu¯Q
−1ut;
There is also another related family of quantum groups Ao(Q) [28, 27,
30, 2]:
Ao(Q) : u
tQuQ−1 = In = QuQ
−1ut, u¯ = u; (here Q > 0)
Part (1) of the next proposition gives a characterization of Au(Q) in
terms of the functional φQ defined below.
Proposition 3.1. Consider the adjoint action Adu corresponding to
the fundamental representation u of the quantum group (Au(Q), u).
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(1). The quantum group (Au(Q), u) is the largest compact matrix
quantum group such that its action Adu on Mn(C) leaves invariant the
functional φQ defined by
φQ(b) = Tr(Q
tb), b ∈Mn(C).
(2). Adu is an ergodic action if and only if Q = λE, where λ is a
nonzero scalar, E is the positive matrix (1 ⊗ h)utu¯ (cf [27]), and h is
the Haar measure of Au(Q).
Proof. (1). It is a straightforward calculation to verify that the action
Adu of Au(Q) leaves the functional φQ invariant.
Assume that (A, v) is a compact quantum group such that Adv leaves
φQ invariant (v = (vij)
n
i,j=1). Then the vij ’s satisfy the defining relations
for Au(Q). Hence (A, v) is a quantum subgroup of Au(Q).
(2). A matrix S is fixed by Adu if and only if S intertwines the fun-
damental representation u with itself. Hence the action Adu is ergodic
if and only if the fundamental representation u is irreducible. When
Q = λE, then Au(Q) = Au(E). Since E is positive, u is irreducible (cf.
[3]).
On the other hand we have (see [27])
(ut)−1 = Eu¯E−1,
where E is defined as in the proposition. We also have
(ut)−1 = Qu¯Q−1.
Hence
Eu¯E−1 = Qu¯Q−1 and Q−1Eu¯ = u¯Q−1E.
If u is irreducible, then so is u¯ and therefore Q−1E = scalar. Q.E.D.
Note. The proof of necessary condition in (2) above was pointed to us
by Woronowicz. Our original proof contains an error.
In general the invariant functional φQ defined above is not a trace,
even if the action Adu is ergodic. However, for ergodic actions of com-
pact groups on operator algebras, one has the following finiteness the-
orem of Høegh-Krohn-Landstad-Størmer [15]:
Theorem 3.2. If a von Neumann algebra admits an ergodic action of
a compact group G, then
(a). this von Neumann algebra is finite;
(b). the unique G-invariant state is a trace on the von Neumann
algebra.
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The proposition above shows that part (b) of this finiteness theorem
is no longer true for compact quantum groups in general. We now
show that part (a) of the above finiteness theorem is false for compact
quantum groups either: not only can compact quantum groups act
on infinite algebras, they can act on purely infinite factors (type III
factors).
Definition 3.3. Let (Bi, πji) be an inductive system of C
∗-algebras
(i, j ∈ I). For each i ∈ I, let αi be an action of a compact quantum
group A on Bi. We say that the actions αi are a compatible system
of actions for (Bi, πji) if for each pair i ≤ j, the following holds,
(πji ⊗ 1)αi = αjπji.
The following lemmas will be used in the next theorem. Preserve
the notation in Definition 3.3. Let πi be the natural embedding of Bi
into the inductive limit B of the Bi’s.
Lemma 3.4. Put for each i ∈ I
απi(bi) = (πi ⊗ 1)αi(bi), bi ∈ Bi.
Then α induces a well defined action of the quantum group A on B.
The action α is ergodic if and only if each αi is.
Assume further that φi is an inductive system of states on Bi and that
each φi is invariant under αi. Then α leaves invariant the inductive
limit state τ = limφi.
Proof. Let j > i, so πji(bi) ∈ Bj . Then by the formula of α given in
the lemma, we have
απj(πji(bi)) = (πj ⊗ 1)αj(πji(bi)). (∗)
Since πjπji = πi, the left hand of the above is equal to
απi(bi) = (πi ⊗ 1)αi(bi).
From the compatibility condition we see that the right hand side of (∗)
is equal to
(πj ⊗ 1)(πji ⊗ 1)αi(bi) = (πi ⊗ 1)αi(bi).
This shows that α is well defined on the dense subalgebra B =
⋃
πi(B〉)
of B, where Bi is the dense *-subalgebra of Bi according to Defini-
tion 2.1. It also clear that α is bounded and satisfies conditions of
Definition 2.1. Hence α induces a well defined action of the quantum
group on B.
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Assume that each αi is ergodic. It is clear that the action α is
ergodic on the dense *-subalgebra B. Hence α is ergodic on B by
Proposition 2.3.
Conversely, if α is ergodic, then the restrictions αi of α to Bi is
clearly ergodic.
We now show that τ is invariant under α. Note that τ(πi(bi) = φi(bi).
From this we have
(τ ⊗ 1)α(πi(bi)) = (τ ⊗ 1)(πi ⊗ 1)αi(bi))
= (φi ⊗ 1)αi(bi)) = φi(bi)
= τ(πi(bi)).
By density of B in B, we have
(τ ⊗ 1)α(b) = τ(b), b ∈ B.
This completes the proof of the lemma. Q.E.D.
Note. Not every action of a compact quantum group on an inductive
limit of C∗-algebras arises from a compatible system of actions of A.
Lemma 3.5. Let uk be a unitary representation of a compact quantum
group A on Vk for each natural number k. Assume that Aduk leaves
invariant a functional ψk on B(Vk). Then the action Adu1⊗in···⊗inuk
leaves the functional φk = ψ1 ⊗ · · · ⊗ ψk invariant.
Proof. Straightforward calculation. Q.E.D.
Let Q ∈ GL(n,C) be a positive matrix with trace 1. We now construct
a sequence of actions αk of the compact quantum group (Au(Q), u) on
Mn(C)
⊗k. Denote by uk the k-th fold interior tensor product of the
representation u, i.e.,
uk = u⊗in · · · ⊗in u,
see [29] for the definition of the interior tensor product ⊗in. Put
αk = Aduk , φ
k
Q = φ
⊗k
Q = φQ ⊗ · · · ⊗ φQ.
Let
B = lim
k→∞
Mn(C)
⊗k, τQ = lim
k→∞
φkQ,
B = πQ(B)
′′, A = πh(Au(Q))
′′,
where πQ and πh are respectively the GNS-representations for the pos-
itive functional τQ and the Haar state h on Au(Q).
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Theorem 3.6. The actions αk (k = 1, 2, · · · ) of Au(Q) forms a com-
patible system of ergodic actions leaving the functionals φkQ invariant.
These actions gives rise to a natural ergodic action on the UHF algebra
B leaving invariant the positive functional τQ, which in turn lifts to an
ergodic action on the von Neumann algebra B.
Proof. It is straightforward to verify that the actions αk are a compat-
ible system of actions. Since each uk is irreducible (cf [3]), we see that
the actions αk are ergodic. By 3.1.(1), φQ is invariant under the action
Adu. Hence applying the lemmas above, we see that the functionals
φkQ are invariant under the actions αk, and these actions gives rise to
an ergodic action of the quantum group A on B leaving τQ invariant.
Now apply Theorem 2.5, the action α on B induces an ergodic action
α˜ : B −→ B⊗ A
at the von Neumann algebra level defined by
α˜(πQ(b)) = (πQ ⊗ πh)α(b),
where b ∈ B. Q.E.D.
Corollary 3.7. Take
Q =
(
a 0
0 1− a
)
, a ∈ (0, 1/2).
Then τQ is the Powers state, so the quantum group Au(Q) acts ergod-
ically on the Powers factor Rλ of type IIIλ, where λ = a/(1− a).
Corollary 3.8. (compare [34]) Take Q = In. Then τQ is the unique
trace on the UHF algebra B of type n∞, so the quantum group Au(n) =
Au(In) acts ergodically on the hyperfinite II1 factor R.
We will see in §5 that for appropriate choice of Q, the quantum
groups Au(Q) act on the injective factor R∞ of type III1 also. It would
be interesting to know whether compact quantum groups admit ergodic
actions on factors of type III0 too.
4. Fixed point subalgebras of quantum subgroups
In this section, we show that although the actions of the universal
quantum groups Au(Q) constructed in the last section are ergodic,
when restricted to some of their non-trivial quantum subgroups, we
obtain interesting large fixed point algebras.
Let Q =
(
a 0
0 1− a
)
, as in 3.7. Put q = λ1/2 = (a/(1 − a))1/2.
Then from the definitions of SUq(2) and Au(Q), we see that SUq(2)
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is a quantum subgroup of Au(Q). By restriction, we obtain from the
action of Au(Q) an action of SUq(2) on Rλ. The fixed point subalgebra
of Rλ under the action of SUq(2) is generated by the Jones projections
{1, e1, e2, · · · , }. The restriction of the Powers states τQ to this fixed
point algebra is a trace and its values on the Jones projections gives
the Jones polynomial. See the book of Jones [18].
Now take Q = 1
n
In. We have Corollary 3.8. For simplicity of no-
tation, let τ denote the trace τQ on the UHF algebra B. There are
two special quantum subgroups of Au(n): SU(n) and Ao(Q) = Ao(n).
By 4.7.d. of [14], for any closed subgroup G of SU(n), the fixed point
algebra RG is a II1 subfactor of R. We now show that the same result
holds for quantum subgroups of Ao(n). For this, it suffices to prove the
following
Proposition 4.1. The fixed point subalgebra RAo(n) of R for the quan-
tum subgroup Ao(n) of Au(n) is a II1 factor and the action of Ao(n) on
R is prime.
Proof. Put β = n2. By [2], the fixed point subalgebra of Mn(C)
⊗k for
the action
αk = Aduk
is generated by 1, e1, · · · , ek−1, where u is the fundamental representa-
tion of the quantum group Ao(n),
es = IH⊗(s−1) ⊗
∑
i,j
1
n
eij ⊗ eij ⊗ IH⊗(k−s−1) ,
and H = Cn. The e’s satisfies the relations:
(i). e2s = es = e
∗
s;
(ii). eset = etes, 1 ≤ s, t ≤ k − 1, |s− t| ≥ 2;
(iii). βesetes = es, 1 ≤ s, t ≤ k − 1, |s− t| = 1.
We now show that the restriction of τ on the fixed point subalgebra
of Mn(C)
⊗k satisfies the Markov trace condition of modulus β, where
τ is the trace on R. Namely, we will verify the identity
τ(wek−1) =
1
β
τ(w)
for w in the subalgebra of Mn(C)
⊗k generated by 1, e1, · · · , ek−2. By
Theorem 4.1.1 and Corollary 2.2.4 of Jones [17], this will complete the
proof of the proposition. It will also follow that the action of Ao(n)
on R is prime. To verify this, it suffices by Proposition 2.8.1 of [14] to
check the Markov trace condition for w of the form
w = (ei1ei1−1 · · · ej1)(ei2ei2−1 · · · ej2) · · · (eipeip−1 · · · ejp),
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where
1 ≤ i1 < i2 · · · ip ≤ k − 2
1 ≤ j1 < j2 · · · jp ≤ k − 2
i1 ≥ j1, i2 ≥ j2, · · · , ip ≥ jp
0 ≤ p ≤ k − 2
If ip < k − 2 then it is easy to see that
τ(wek−1) = τ(w)τ(ek−1) =
1
β
τ(w),
noting that τ(ek−1) =
1
β
. Hence we can assume ip = k − 2. Let lw be
the length of the word w. Then w takes the form
w =
∑
(
1
n
)lw(· · · )⊗ eab ⊗ 1,
where the summation is over the indices a, b and some other indices that
need not to be specified, and the terms in (· · · ) are certain elements
of Mn(C)
⊗(k−2) that need not to be specified either (the components
in the tensor product of the terms in (· · · ) are products of eij ’s). We
have then
τ(wek−1) = (
1
n
)lw+1
∑
x,y
∑
τ((· · · )⊗ eabexy ⊗ exy)
= (
1
n
)lw+1
∑
x,y
∑
τ((· · · )⊗ eabexy ⊗ 1)τ(IH⊗(k−1) ⊗ exy)
= (
1
n
)lw+1τ(
∑
x
∑
((· · · )⊗ eabexx ⊗ 1)
1
n
)
=
1
β
τ(w).
The proof is complete. Q.E.D.
Remarks. (1). In view of the above result, fixed point algebras of
quantum subgroups of Ao(n) give examples of subfactors. Therefore,
it would be interesting to classify finite quantum subgroups of Ao(n)
and study them in the light of Jones’ theory, see [14] for this in the
case of the Lie group SU(2). Note that the quantum Ao(n) contains
the quantum permutation group Aaut(Xn) of n point space Xn (see
[32]) and many other interesting quantum subgroups (see [28]). It
would also be interesting to determine the fixed point subalgebras of
the quantum subgroups of SU−1(n) (SU−1(n) is a quantum subgroup of
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Au(n) because its antipode has period 2 [28, 27]). We refer the reader
to Banica [4] for some interesting related results.
(2). Note that since
Adv⊗inw 6= Adv ⊗in Adw,
for unitary representation v and w of Ao(n), we do not have a commut-
ing square like the one on p222 of [14] for a given quantum subgroup
G of Ao(n).
5. Ergodic actions of Au(Q) on the Cuntz algebra and
the injective factor of type III1
The Cuntz algebra On is an infinite simple C
∗-algebra without trace,
hence by [15] it does not admit an ergodic action of a compact group.
Recall that the Cuntz algebra On is the simple C
∗-algebra generated
by n isometries Sk (k = 1, · · · , n) such that
n∑
k=1
SkS
∗
k = 1. (5.1)
Just as U(n), the compact matrix quantum group Au(Q) acts on On
in a natural manner [12, 10, 19], where Q is a positive matrix of trace
1 in GL(n,C):
α(Sj) =
n∑
i=1
Si ⊗ uij, (5.2)
the dense *-algebra B of Definition 2.1 being the *-subalgebra 0On of
On generated by the Si’s, see Doplicher-Roberts [11]. However, unlike
the actions of compact groups on On, we have
Theorem 5.1. The above action α of the quantum group Au(Q) on On
is ergodic, the unique α-invariant state on On is the quasi-free state ωQ
associated with Q [13].
Proof. Let H be the Hilbert subspace of On linearly spanned by the
Sk’s. Let (H
s, Hr) be the linear span of elements of the form Si1Si2 · · ·SirS
∗
js · · ·S
∗
j2
S∗j1.
Then 0On is the linear span of all the spaces (H
s, Hr) , r, s ≥ 0 (see
[11]). Observe that each of the spaces (Hs, Hr) is invariant under the
action α:
α(Si1Si2 · · ·SirS
∗
js · · ·S
∗
j2S
∗
j1) =
n∑
k1,···kr ,l1,··· ,ls=1
Sk1Sk2 · · ·SkrS
∗
ls · · ·S
∗
l2
S∗l1⊗uk1i1uk2i2 · · ·ukriru
∗
lsjs · · ·u
∗
l2j2
u∗l1j1.
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Hence (id⊗h)α((Hs, Hr)) is the space of the fixed elements of (Hs, Hr)
under α, where h is the Haar state on Au(Q). For r 6= s, the tensor
product representations u⊗r and u⊗s of the fundamental representation
u of the quantum group Au(Q) are inequivalent and irreducible [3].
Hence by Theorem 5.7 of Woronowicz [37], for r 6= s,
h(uk1i1uk2i2 · · ·ukriru
∗
lsjs · · ·u
∗
l2j2u
∗
l1j1) = 0, (5.3)
and therefore (Hs, Hr) has no fixed point other than 0. For r = s,
identifying the elements
Si1Si2 · · ·SirS
∗
jr · · ·S
∗
j2S
∗
j1
of (Hr, Hr) with the matrix units
ei1j1 ⊗ ei2j2 ⊗ · · · ⊗ eirjr
ofMn(C)
⊗r, the action α on (Hr, Hr) is identified with the action αr on
Mn(C)
⊗r of Theorem 3.6. Hence the fixed elements of (Hr, Hr) under
α are the scalars. Consequently, the fixed elements of 0On under α are
the scalars. By Proposition 2.3, α is ergodic on On.
Let φ be the (unique) α-invariant state onOn. Then for x ∈ (H
r, Hs)
with r 6= s, r, s ≥ 0, we have
φ(x) = h((φ⊗ 1)α(x)) = φ((1⊗ h)α(x)).
But (1 ⊗ h)α(x) = 0 according to the computation above. Hence
φ(x) = 0. From the consideration of the last paragraph, α restricts
to an ergodic action on the subalgebra (Hk, Hk) of On. Identifying
(Hk, Hk) with Mn(C)
⊗k as above, we see that
φ(x) = φkQ(x), x ∈ (H
k, Hk),
where φkQ is the functional in Theorem 3.6. This shows that φ is the
quasi-trace state ωQ associated with Q (cf [13]). Q.E.D.
We can assume that Q = diag(q1, q2, · · · , qn) is a diagonal positive
matrix with trace 1, since Au(Q) and Au(V QV
−1) are similar to each
other [27]. Let β be a positive number. Define numbers ω1, ω2, · · · , ωn
by
diag(e−βω1, e−βω2 , e−βωn) = diag(q1, q2, · · · , qn). (5.4)
Let πQ be the GNS representation of the α-invariant state ωQ of On.
Then by Theorem 4.7 of Izumi [16] and Theorem 2.5, we have
Corollary 5.2. If ω1/ωk is irrational for some k, then the compact
quantum group Au(Q) acts ergodically on the injective factor πQ(On)
′′
of type III1.
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Remarks. (1). The big quantum semi-group Unc(n) of Brown also acts
on On in the same way as Au(Q) on On above. See Brown [6] and 4.1
of Wang [28] for the quantum semi-group structure on Unc(n).
(2). If the ω1/ωk’s are rational for all k, then πQ(On)
′′ is an injective
factor of type IIIλ, on which Au(Q) acts ergodically, where λ is deter-
mined from an equation involving q1, · · · , qn (see [16]). In particular,
taking Au(Q) = Au(n), we see that even the compact matrix quantum
group Au(n) of Kac type admits ergodic actions on both the infinite
C∗-algebra On and the injective factor πQ(On)
′′ of type III 1
n
. In view
of Corollary 3.8, it would be interesting to solve the following problem:
Problem: Does a compact matrix quantum group of non-Kac type
admit ergodic action on the hyperfinite II1 factor R?
6. Ergodic actions on quotient spaces
In this section, we study ergodic actions of compact quantum groups
on their quantum quotient spaces. We also give an example to show
that, contrary to the classical situation, not all ergodic actions arise in
this way.
Fix a quantum subgroup H of a compact quantum group G, which
is given by a surjective morphism θ of Woronowicz Hopf C∗-algebras
from C(G) to C(H). Let hH and hG be respectively the Haar states
on C(H) and C(G). Then there is a natural action β of the quantum
group H on G given by
β : C(G) −→ C(H)⊗ C(G), β = (θ ⊗ 1)ΦG, (6.1)
where ΦG is the coproduct on C(G). The quotient spaceH\G is defined
by the fixed point algebra of β (cf [23]):
C(H\G) = C(G)β = {a ∈ C(G) : (θ ⊗ 1)ΦG(a) = 1⊗ a}. (6.2)
The restriction of ΦG to C(H\G) defines a natural action α of G on
C(H\G):
α = ΦG|C(H\G) : C(H\G) −→ C(H\G)⊗ C(G). (6.3)
The dense *-subalgebras of Definition 2.1 for the actions β and α are
the natural ones. Note that E = (hH ⊗ 1)β = (hHθ ⊗ 1)ΦG is a
projection of norm one from C(G) to C(H\G) (cf Proposition 2.3 and
[23]).
Proposition 6.1. In the situation as above, we have
(1). the action α of G on C(H\G) is ergodic;
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(2). C(H\G) has a unique α invariant state ω satisfying
hG(a) = ω((hHθ ⊗ 1)ΦG(a)), a ∈ C(G). (6.4)
Namely, ω is the restriction of hG on C(H\G).
Note. Part (2) of the proposition above is the analogue of the the
following well known integration formula in the classical situation:∫
G
a(g)dg =
∫
H\G
∫
H
a(hg)dhdω(g), a ∈ C(G).
Proof. (1). Let a ∈ C(H\G) be fixed under α, i.e.,
α(a) = a⊗ 1. (∗∗)
Since α(a) = ΦG(a) and since (by the definition of C(H\G))
(θ ⊗ 1)ΦG(a) = 1⊗ a,
it follows that
(θ ⊗ 1)α(a) = 1⊗ a.
Using (∗∗) for the left hand side of the above, we get
θ(a)⊗ 1 = 1⊗ a.
This is possible only for a = λ · 1 for some scalar λ.
(2). The general result of the existence and uniqueness of the invari-
ant state for an ergodic action is proven in [5]. For the special situation
we consider here, we now not only prove the existence and uniqueness
of the invariant state, but also give the precise formula of the invariant
state.
Let ω be the restriction of hG on the subalgebra C(H\G) of C(G).
Since (hHθ ⊗ 1)ΦG is a projection from C(G) onto C(H\G) and α is
the restriction of ΦG on C(H\G), the invariance of ω for the action α
follows from the invariance of the Haar state hG.
Conversely, let µ be any invariant state on C(H\G). Using again
the fact that (hHθ ⊗ 1)ΦG is a projection from C(G) onto C(H\G), a
standard calculation shows that the functional
φ(a) = µ((hHθ ⊗ 1)ΦG(a)), a ∈ C(G)
is a right invariant state, i.e.
φ ∗ ψ(a) = φ(a), a ∈ C(G),
where ψ is a state on A and φ ∗ ψ = (φ ⊗ ψ)ΦG is the convolution
operation (cf [37]). From the uniqueness of the Haar state, it follows
from this that
φ = hG, µ = ω = hG|C(H\G).
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Q.E.D.
Remarks. (1). Note that the quantum groups Au(Q), Ao(Q) and Bu(Q)
have many quantum subgroups. In the light of Proposition 6.1 and
Theorem 2.5, it would be interesting to study the corresponding op-
erator algebras and the actions on them. We leave this to a separate
work.
(2). More general than the considerations in Proposition 6.1, if two
quantum groups admit commuting actions on a noncommutative space,
then they act on each other’s orbit spaces (not necessarily in an ergodic
manner), just as in the classical situation. Note that the notion of orbit
space corresponds to fixed point algebra in the noncommutative situa-
tion.
An Example. Every transitive action of a compact group G on a topo-
logical space X is isomorphic to the natural action of G on H\G, where
H is the closed subgroup of G that fixes some point of X . However,
this is no longer true for quantum groups, even if the space on which
the quantum group acts is a classical one.
To see this, let Xn = {x1, · · · , xn} be the space with n points. By
Theorem 3.1 of [32], the quantum automorphism group Aaut(X4) of X4
contains the ordinary permutation group S4, hence it acts ergodically
on X4. The quantum subgroup of Aaut(X4) that fix a point, say x1, is
isomorphic to Aaut(X3), which is the same as C(S3), a (commutative)
algebra of dimension 6. From [32], we know that as a C∗-algebra,
Aaut(Xn) is the same as C(Sn) for n ≤ 3 and it has C
∗(Z/2Z ∗ Z/2Z)
as a quotient for n ≥ 4, where Z/2Z ∗ Z/2Z is the free product of the
two-element group Z/2Z with itself, because the entries of the matrix

p 1− p 0 0
1− p p 0 0
0 0 q 1− q
0 0 1− q q


satisfy the commutation relations of the algebra Aaut(X4), where p, q
are the projections generating the C∗-algebra C∗(Z/2Z ∗ Z/2Z): p =
(1 − u)/2 and q = (1 − v)/2, u and v being the unitary generators of
the first and second copies of Z/2Z in the free product (cf [24]).
For simplicity of notation, let C(G) = Aaut(X4), and let M be the
canonical dense subalgebra of C(G) generated by the coefficients of the
fundamental representation of G (see [37]). Let H = S3, the subgroup
of G that fixes x1, and let H = C(H). Let θ be the surjection from
C(G) to C(H) that embeds H as subgroup of G (cf. [32]). Let β be
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the action defined in the beginning of this section. We claim that the
coset space H\G is not isomorphic to X4 as a G-space (see Sect. 2 of
[32] for the notion of morphism). Namely, we have
Proposition 6.2. The G-algebras C(H\G) (which is defined to be
C(G)β) and C(X4) are not isomorphic to each other.
Proof. Since C(X4) has dimension 4, it suffices to show that C(H\G)
is infinite dimensional.
We make M into a Hopf H-module (i.e. a compatible system of a
left H comodule and a left H module) as follows. The restriction of β
to M clearly defines a left H comodule structure:
β :M−→H⊗M. (6.5)
The left H module structure on M is the trivial one defined by
H⊗M −→M, (6.6)
h ·m = ǫ(h)m, h ∈ H, m ∈M. (6.7)
By Theorem 4.1.1 of Sweedler [25], we have an isomorphism of left H
modules
H⊗Mβ ∼=M. (6.8)
That is
H⊗A(H\G) ∼=M (6.9)
h⊗m′ 7→ h ·m′, h ∈ H, m′ ∈ A(H\G), (6.10)
where A(H\G) =Mβ is the canonical dense subalgebra of C(H\G) =
C(G)β. Since M is infinite dimensional and H is finite dimensional,
A(H\G) and therefore C(H\G) are also infinite dimensional. Q.E.D.
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